We develop the finite temperature theory of p-adic string models. We find that the thermal properties of these non-local field theories can be interpreted either as contributions of standard thermal modes with energies proportional to the temperature, or inverse thermal modes with energies proportional to the inverse of the temperature, leading to a thermal duality at leading order (genus one) analogous to the well known T-duality of string theory. The p-adic strings also recover the asymptotic limits (high and low temperature) for arbitrary genus that purely stringy calculations have yielded. We also discuss our findings surrounding the nature of the Hagedorn transition.
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One of the most interesting thermal features of string theory is the existence of the Hagedorn phase where at high temperatures the energy is not dominated by the massless modes but rather by the most massive string states, leading to a pressureless fluid [1, 2, 3] . In fact, a canonical description of the thermal phase indicated a limiting Hagedorn temperature [1] . Later, however, it was argued that the limiting temperature only corresponds to the emergence of a thermal tachyonic mode making the description of the system in terms of fundamental string excitations invalid [4] . It was further argued that at temperatures larger than the Hagedorn temperature the free energy F grows much more slowly, F ∝ T 2 , as compared to conventional field theories where F ∝ T 4 , and thus the system represents many fewer degrees of freedom than one would have expected from the zero-temperature string spectrum, or even particle field theories [5] .
Another non-trivial aspect of the stringy partition function that has been studied in the literature [5, 6, 7, 8] has to do with the (non-)existence of a thermal duality (T ↔ 1/T ) in close analogy with T-duality. In the canonical thermal computation of string models, due to the compact nature of one dimension, there is not only the standard contribution of Matsubara thermal modes: ω n = 2πnT (where n ∈ Z); but also the topological contribution of strings wrapped on the torus S 1 of circumference 1/T [5, 6] : ′ ) and where the winding states are labeled by the first homotopy group π 1 (S 1 ) = Z. See Fig. 1 . Therefore, the thermal duality is defined by making the replacements 2πT ←→ m 2 s πT and n ←→ n W .
This symmetry naively suggests that the partition function verifies
with
The existence of such a duality has indeed been verified in several stringy computations, such as in [5, 6, 7] . Indeed, the Hagedorn temperature is closely related to this critical temperature, T H = T c /a, although the exact relation between the temperatures depends on the particular string theory (a = 2 for the bosonic string, a = √ 2 for the Type II superstring, or a = 1 + 1/ √ 2 for the heterotic string [8] ). In this paper, we develop a new approach to these questions by studying the thermodynamics of p-adic string models that are given by the action [9, 10] describes the open string tachyon. This action was originally derived for p being a prime number, although it has been continued to other positive values and even when p → 1 [11] , corresponding to the bosonic string limit.
The action (3) describes a non-local theory for the tachyon field that reproduces the N-point tree amplitudes of non-archimedean open strings [9, 10] . In this sense, it can be understood as a simplified model of the bosonic string which reproduces some aspects of a more realistic theory. That being said, there are several nontrivial similarities between p-adic string theory and the full string theory. For example, near the true vacuum of the theory, φ = 0, the field has no obvious particle-like excitations since its mass-squared goes to infinity. This is the p-adic version of the statement that there are no open string excitations of the tachyon vacuum. A second similarity is the existence of lump-like soliton solutions representing p-adic D-branes [12] . The theory of small fluctuations about these lump solutions has a spectrum of equally spaced masses squared [12, 13] , just as in the case of normal bosonic string theory. One also obtains a very similar action with exponential kinetic operators (and usually assumed to have a cubic or quartic potential) while quantizing strings on a random lattice [14] . These field theories are also known to reproduce several features, such as the Regge behaviour [15] , of their stringy duals.
Like most higher derivative theories, these theories have better ultra-violet (UV) convergence. Unlike finiteorder higher derivative theories, by virtue of having an infinite set of higher derivative terms, they have been conjectured to be free of ghosts 1 and to have a well-posed initial value problem [16, 18, 19] making them phenomenologically interesting to study. In particular, these models have been found to provide novel cosmological properties such as non-slow-roll inflation [20] , crossing of the phantom-divide in the context of dark energy [21] , and for obtaining non-singular bouncing solutions [22] (also see [23] for similar work with non-local gravitational actions). However, most of these analysis have largely been classical, and little attention has been paid to quantum loop calculations (see [15, 24] for an exception).
Here we focus our attention on finite temperature loop calculations. We compare our results with standard thermal properties of string theory and, in particular, with the thermal duality and the stringy Hagedorn phase. These have found several cosmological applications, especially in the context of cyclic/bouncing cosmologies [25] and thermal structure formation scenarios [26] . We will provide results for D = 4, and p = 3, but most of the techniques developed here can be generalized to similar non-local models, and similar results are obtained for D = 4, p = 3 [27] .
The finite temperature action is
where we have performed the rescaling
We note that λ and the rescaled ϕ have mass dimension −4 and 2, respectively. Analysis of this model follows 1 There are no perturbative states or poles in the propagator.
There are instabilities causing oscillations to grow unboundedly [16] , but this is due to the presence of the tachyon [17] . very closely that of the usual scalar theory at finite temperature [28] , except that one has to replace the usual field theory propagator with the exponential one (details will be included in [27] )
In this case, the free theory does not give any contribution to the partition function [27] , ln Z 1 = 0, consistent with the fact that p-adic strings have no perturbative excitations. Due to the exponential nature of the bare propagator the loop diagrams are expected to be convergent in the ultraviolet limit. The leading contribution comes from the two-loop diagram (see Figs. 2 and 3):
where the function ς(x) can be written in terms of the third Jacobi elliptic theta function:
2 ). Remarkably, one can write this function as:
(8) The first equality shows explicitly the contribution of the n th thermal mode. In contrast with a standard quantum field theory, one can see that the higher thermal modes are strongly suppressed at high temperatures; see also Fig. 3 . When x → ∞, the leading term is given by the zero mode (n = 0). In this limit, the next contribution is given by the first modes (n = +1 and n = −1), etc. More interestingly, Eq. (8) suggests that at low temperatures the partition function can be interpreted as the addition of contributions of a different set of modes. These new modes are not proportional to the temperature, but to the inverse of the temperature. When x → 0, the leading term is given by the inverse zero mode (m = 0). The next to leading order contribution is given by the first inverse modes (m = +1 and m = −1), and so on.
Moreover, we can use the property given by Eq. (8) to show that Eq. (2) is verified by defining the critical temperature as T c = T 2 ≡ M/2 √ π. This property is precisely what was predicted by string theory [5, 6] , and it is absolutely non-trivial in p-adic string models. As we discussed, this symmetry is present in string theory due to the existence of winding topological string modes, but in p-adic models there are no obvious topological counterparts because we are working with a quantum field theory.
Since ς(x) can be represented as a series of exponentials, one can obtain excellent high and low temperature approximations to ς(x). In particular, one finds
where Λ ≡ 3λT 8 2 is the cosmological constant. This is precisely the kind of asymptotic behavior that has been suggested in the stringy literature [5, 8] .
The pressure P , entropy density s, energy density ρ, and the equation of state parameter ω look like
The two asymptotic limits mark the two opposite ends of the acceptable range of values for ω. We also note that requiring the entropy density to be positive implies λ < 0, as it is required for p-adic models. This means that the contribution to the cosmological constant is negative, as typical from a stringy approach (however, see [27] ). The next-to-leading order values for the low temperature limit read
The above expressions have a simple interpretation in terms of a cosmological constant plus an effective Hagedorn fluid with energy density and pressure given by ρ H and P H , respectively. In particular, we note that the equation of state parameter of the Hagedorn fluid vanishes in this limit:
and the temperature changes very slowly (logarithmically) with the change of energy density. Qualitatively, this is also what has been argued using stringy computations [1, 2, 3] ; in the Hagedorn phase the energy density is dominated by the most massive string states and hence behaves as a pressureless fluid, with temperature remaining almost a constant. However, unlike [1] , our partition function does not suffer from the problem of having a negative heat capacity, and gives way to the ω ≈ 1 stiff fluid phase at high temperatures. c . The symmetry of Z2(T ) (blue straight line) with respect to Tc (central vertical line) shows the exact realization of the thermal duality. However, the duality is broken at high temperatures by higher loop contributions (long dashed green line) or even at low energies by the addition of a self-energy counter-term (short dashed red line) [27] .
If g 2 o ≪ 1, we can describe the physics at T H by using the 2-loop result. From Eq. (7) and Fig. 3 , we conclude that our phase transition is smooth and not a first order phase transition, as has been conjectured from string theory. More recently, the possibility of such a smooth transition has also been suggested [8, 29] , although in [8] a different higher temperature was identified to correspond to much milder phase transitions in some supersymmetric string models.
It has been argued that the duality relation (2) must be broken when higher genus interactions are included [5, 7] . We find the same result. For example, one can compute the next contribution that is second order in λ. This contribution is given by the three loop necklace diagram (see Fig. 4 )
together with the sunset diagram (see Fig. 4 )
where the function χ(x) can be written in terms of the third Jacobi theta function.
FIG. 4:
Diagrams that contribute at second order in λ. The one on the left is the three loop contribution to the necklace. The right one is the so called sunset diagram.
Therefore, Eq. (2) is only verified at the leading order. In any case, the fact that we can write all the results in terms of θ 3 (u, e
−x
2 ), which obeys
allows an alternative interpretation in terms of inverse modes, but they need to be weighted in a different way. [27] , precisely what was argued to be the contributions at N -genus level for open strings [5] .
In conclusion, we have tried to understand some of the thermal properties of string theory, such as thermal duality, the asymptotic high and low termperature limits, and the Hagedorn transition by studying the 3-adic string model. It is remarkable that this non-local quantum field theory is able to reproduce the fundamental properties of the thermodynamics of string theories. As a cautionary remark, we note that in our analysis we have not included contributions which may arise from solitonic configurations whose effects may be important at high temperatures [27] . Also, the 2-loop result can only be trusted at high temperatures as long as g 2 o T /m s ≪ 1, whereas at low temperatures it is enough if g 2 o ≪ 1. A rather interesting feature of these theories is that the free theory is trivial so that all the thermal properties are generated by interactions, even if the model is weakly coupled. 
